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Abstract. In this paper we study the operator inequality <p(X) < X and the operator equation 
tp(X ) = X, where tp is a ui*-continuous positive (resp. completely positive) linear map on B(TL). 
We show that their solutions are in one-to-one correspondence with a class of Poisson transforms 
on Cuntz-Toeplitz C*-algebras, if tp is completely positive. Canonical decompositions, ergodic 
type theorems, and lifting theorems are obtained and used to provide a complete description of 
all solutions, when <p(I) < I. 

We show that the above-mentioned inequality (resp. equation) and the structure of its solu- 
tions have strong implications in connection with representations of Cuntz-Toeplitz C*-algebras, 
common invariant subspaces for n-tuples of operators, similarity of positive linear maps, and 
numerical invariants associated with Hilbert modules over CF+, the complex free semigroup 
algebra generated by the free semigroup on n generators. 



1. Introduction 

Let Ti be a separable Hilbert space and B(Ti) be the algebra of all bounded linear operators 
on Ti. Given a positive linear map tp : B(Ti) — > B(Ti), we define the following sets: 

(i) C<(tp) + := {X G B(H) : X > and tp(X) < X} (noncommutative cone); 
(h) C=(tp) := {X G B(Tt) : p(X) = X} (fixed-point operator space). 

We will refer to these sets as the C(tp)-sets associated with tp. The structure of these sets 
plays a distinguished role in the ergodic theory of positive maps [2^, the classification of the 
endomorphisms of B(H) (eg. gj, 02], 0, 0, US, Q3], 02], [IS]), and the representation 
theory of Cuntz algebras (eg. [17], [SO], [25], [II], [12], Q3], [IB], HS|). In the particular case 
when T G B(H), \\T\\ < 1, and tp T {X) := TXT* these sets were studied by R.G. Douglas in |H] 
and by Sz.-Nagy and Foia§ [IH] m connection with T-Toeplitz operators. The operator space 
C = (<pr) was also studied in ^] and [15] , 

In this paper we study the structure of the C(tp)-sets associated with a ^-continuous positive 
(resp. completely positive) linear map tp on B(7i) and its connections with Poisson transforms 
on Cuntz-Toeplitz C*-algebras, common invariant subspaces for n-tuples of operators, similarity 
of positive linear maps, and numerical invariants associated with Hilbert modules over CF^, the 
complex free semigroup algebra generated by the free semigroup on n generators. 

It is well-known (see eg. |22j ) that any u>*-continuous completely positive linear map tp on 
B(TL) is determined by a sequence {Aj}" = i (n G N or n = do) of bounded operators on Ti., in 
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the sense that 

n 

(1.1) ip(X):=Y,AXA*, X G B(H), 

i=i 

where, if n = oo, the convergence is in the u;*-topology. In Section [2 we show that the positive 
solutions of the operator inequality <p(X) < X are intimately related to a class of Poisson tran- 
forms on C*(S\, . . . , S n ), the Cuntz-Toeplitz C*-algebra generated by the left creation operators 
Si, . . . , S n on the full Fock space. More precisely, we prove that an operator D is in C<(ip) + if 
and only if there is a Poisson transform 

P v , D -C*(S l ,...,S n )^B(H) 

with the following properties: 

(i) P<p,d is a completely positive linear map; 

(ii) IIP^dIU < \\D\\) 

(iii) P v ,d{I) = D and 

P v AS a S}) = A a DA% a,pe F+. 

When AiAj = AjAi, i,j = l,...,n, the result remains true if we replace the left creation 
operators Si, . . . , S n by their compressions B\, ... , B n to the symmetric Fock space. 

Let us mention that, in the particular case when (f(I) < / and D := I, the Poisson transform 
associated with [tp, I) was introduced and studied in [37] in connection with a noncommutative 
von Neumann inequality for row contractions 33 . Several applications of these Poisson trans- 
forms were considered in [37], 0, ]U], 0, 0, 0U, and recently in 0, [TO], gU], and 0. We 
refer to 0, [27], an d [1H1 for results on completely bounded maps and operator spaces. 

In Sectional we present canonical decompositions (see Theorem 13. ergodic type results (see 
Theorem I3.2|) . and lifting theorems (see Theorem 13. 5|) for w*-continuous positive linear maps 
on B(7i). These results together with those from Section [21 are used to provide a complete 
description of the C(<£>)-sets (see Theorem 13.81 and Corollary 13. when ip is a w*-continuous 
completely positive linear map with <p(I) < I. When we drop the condition tp(I) < /, we also 
obtain characterizarions of the C(<^)-sets (see Theorem 13 . 41 and Theorem l3.7|) . An important role 
in this investigation is played by the noncommutative dilation theory for sequences of operators 
|23] . [HI, [Ml, [HO], HI], and |S1 (see jSj for the classical dilation theory). For related results 
when = I we mention |13j . 

In Section 0J we show that there is a strong connection between the positive solutions of 
the operator inequality <p(X) < X, where ip is a u>*-continuous completely positive linear map 
on B(7i), defined as in 1)1.1(1 . and the common invariant subspaces for the n-tuple of opera- 
tors {Ai}™ =1 . In this direction, we obtain invariant subspace theorems (eg. Theorem ll~3"|) and 
Wold type decomposition theorems for u>*-continuous completely positive linear maps on B{7i) 
(eg. Theorem I4.7j) . The latter results generalize the classical Wold decomposition for isometries, 
as well as the one obtained in |3U| for isometries with orthogonal ranges. 

Section |S] is devoted to similarity of positive linear maps on B{7i). We say that two linear 
maps (/?, A : B(7i) — > B(TC) are similar if there is an invertible operator R S B(TC) such that 

ip(RXR*) = RX(X)R*, for any X € B{H). 

Notice that this relation is equivalent to 

ip = ijj R o \oip~ 1 , 
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where i/jr(X) := RXR*, X £ B{7i). This shows that the discrete semigroups of completely 
positive maps {f k }^ =Q and {A fc }^ are also similar. Moreover, D £ C<(A) + if and only if 
RDR* £ C<{ip) + . In this section we provide necessary and sufficient conditions for a w*- 
continuous positive linear map ip on B{7i) to be similar to a positive linear map A on B(7i) 
satisfying one of the following properties: 

(i) A(J) = / (see Theorem 15.1(1 ; 

(ii) ||A|| < 1 (see Theorem 15.9(1 ; 

(hi) A is a pure completely positive linear map with ||A|| < 1 (see Theorem 15.11(1 : 

(iv) A is a completely positive linear map with ||A|| < 1 (see Theorem 15. 13(1 , 

We show that these similarities are strongly related to the existence of invertible positive solu- 
tions of the operator inequality f(X) < X or equation <p(X) = X. 

In (Sj, Arveson introduced a notion of curvature and Euler characteristic for finite rank con- 
tractive Hilbert modules over C[z\, . . . ,z n ], the complex unital algebra of all polynomials in n 
commuting variables. Noncommutative analogues of these notions were introduced and studied 
by the author in .39 and, independently, by D. Kribs |24j . The Poisson transforms of Section 
13 are used in Section El to define certain numerical invariants associated with (not necessarily 
contractive) Hilbert modules over the free semigroup algebra CF+. We extend and refine some 
of the results from 39 . Any Hilbert module TC over CF^ corresponds to a unique u;*-continuous 
completely positive map <p on B(7i) and therefore to a unique noncommutative cone C<(ip) + . 
A notion of *-curvature curv*(92, D) and Euler characteristic x&iD) are associated with each 
ordered pair ((p,D), where D £ C<((p) + . In this section, we obtain asymptotic formulas and 
basic properties for both the *-curvature and the Euler characteristic associated with (</?, D). 
In the particular case when 7i is a contractive Hilbert modules over CF+" and D := /, our two 
variable invariant 

Ffol) :={\W*{I)l curv.foJ)) 
is a refinement of the curvature invariant from 3Q] and |24j . 

2. POISSON TRANSFORMS ASSOCIATED WITH COMPLETELY POSITIVE MAPS 

A Poisson transform on the Cuntz-Toeplitz algebra C*(S\,. . . ,S n ) is associated with each 
pair ((p,D), where ip is a w*-continuous completely positive linear map on B(TC) and D £ B(7i) 
is a positive operator such that f(D) < D. The main result of this section (see Theorem 12.1(1 
shows that the elements of the noncommutative cone C<(ip) + are in one-to-one correspondence 
with the elements of a class of Poisson transforms on Cuntz-Toeplitz algebras. On the other 
hand, we prove that there is a strong connection between the fixed-point operator space C=(ip) 
and a class of Poisson transforms on the Cuntz algebra O n . 

Let H n be an n-dimensional complex Hilbert space with orthonormal basis e±,e2, ■ ■ ■ ,e n , 
where n £ {1,2,...} or n = oo. We consider the full Fock space of H n defined by 

F 2 (H n ) :=0#r 5 

fc>0 

where H®° := CI and H® k is the (Hilbert) tensor product of k copies of H n . Define the left 
creation operators Si : F 2 (H n ) — > F 2 (H n ), i = 1,... ,n, by 

Sif:= ei ®f, f£F 2 (H n ). 
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The noncommutative analytic Toeplitz algebra F£° is the WOT-closed algebra generated by the 
left creation operators S±, . . . ,S n and the identity. This algebra and its norm-closed version (the 
noncommutative disc algebra A n ) were introduced by the author in L 33 in connection with a 
noncommutative von Neumann inequality. 

Let F+ be the free semigroup with n generators g±, . . . , g n and neutral element go . The length 
of a S F+ is defined by \a\ := k, if a = g% x gi 2 • • • 9i k , and \a\ := 0, if a = go. We also define 
e Q := ® ej 2 ® • • • ® e» fc and e go := 1. It is clear that {e a '■ a S F+} is an orthonormal basis of 
F 2 (H n ). If Ti, . . . , T n £ B(H), define T a := T h T i2 ■ ■ ■ T ik1 if a = g h g i2 ■ ■ ■ g ik and T go := I, the 
identity on TL. 

Let TC be a separable Hilbert space. Any u>*-continuous completely positive linear map 92 on 
B(H) is determined by a sequence {^4j}™ =1 (n 6 N or n = 00) of bounded operators on H, in 
the sense that 

n 

<p(X):=J2AiXA*, XeB(H), 

i=l 

where, if n = 00, the convergence is in the w*-topology. Fix such a map cp and let D £ B(TC) be 
a positive operator such that f(D) < D. Denote (p r := r 2 ip, < r < 1, and define the defect 
operator A r := [D - ip T (D)} 1 / 2 . Notice that, if < r < 1, then 



Vr(^l) =D- <p r (D) + VriP - ip r (D)) + 

= D - lim r 2n ip n (D) = D. 



k=0 

r 2n,„ni 

If r = 1, then J2T=o fr ( A r) = ^ - <P°°(.D), wh ere <£°°{D) ■= SOT - lim tp k (D) exists since the 
sequence of positive operators {<p k '{D)}^L is decreasing. 

We introduce the Poisson kernel associated with the ordered pair (99, D) as the family of 
operators K^ jj f : TL — ► F 2 (H n ) <g) Ti, < r < 1, defined by 

00 

(2.1) K^ D)r h:=Y^ Yl e a ®r^A r A* a h, heH. 

k =0a&+,\a\=k 

When r = 1, we denote K Vt D '■= Kip,D,\- Notice that, if < r < 1, then 

00 

(2-2) K^K^r = J2 Cfri&r) = D. 

k=0 

When r = 1, we have 

(2.3) K; jD K tP)D = D-ip 00 (D). 
Due to relation (|2.1() . for any i = 1, . . . , n, and < r < 1, we have 

(2.4) K ip , JD , r (rA*) = (S*®I)K ip , D , r . 

Let C*(5i, . . . , S n ) be the C*-algebra generated by Si, ... , S n . For < r < 1, define the operator 
P v ,D,r :C*(S u ..:,S n )^ B(H) by setting 

(2.5) *W(/) :=K*^ r {f®I)K 9 ^ r , feC*(S 1 ,...,S n ). 
Using relation (|2.4|) when < r < 1, we have 

(2.6) K; )D)r (S a S; r)K v>D , r = r^+^A^A^ a,0€ F+ 
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Hence, and using relations (|2.2j) and (|2.5jl . we infer that P v ,D,r is a completely positive linear 
map and 

(2.7) \\P v ,D,rU < \\D\\, foranyO<r<l. 

Now we can prove the main result of this section, which shows that the elements of the 
noncommutative cone C<((/?) + are in one-to-one correspondence with the elements of a class of 
Poisson transforms on Cuntz-Toeplitz algebras. 

Theorem 2.1. Let ip be a w* -continuous completely positive linear map on B(TC) defined by 

n 

<p{X):=J2AiXAZ, X e B(H), 

i=l 

and let D G B(7i) be a positive operator such that (f(D) < D. Then the Poisson transform 

P V ,D : C*(5i, • • • , S n ) - B(H), P VtD (f) ■■= lirn K,D,r(f ® ^^r, 

where the limit exists in the uniform norm, has the following properties: 

(i) P<p,d is a completely positive linear map; 

(ii) H-P^dIU < \\ D \\; 
(hi) P ¥?! £)(I) = D and 

P v , D (SaS;) = A a DAp, a, € F+ 

Proof. liq(S 1 ,...,S n ) :=£ 

a ,i3&+ a apS a S*p is a polynomial in C*{S\, . . . , S n ) define 
q D (A u . . . , A n ) := ^ a a(8 A a IM£. 

Q./3GF+ 

The definition is correct since, according to (|2.2j) and (|2.6|) . we have 

(2.8) II^CAi,...,^,)!! < ||D||||g(5i,...,5„)||. 

Now, if / € C* (S%, . . . , S n ) and qk(S\, . . . , S n ) is an arbitrary sequence of polynomials in 
, S* n ) convergent to /, we define the operator 

(2.9) f D (A u ...,An):= lim gf(Ai, . . . , A n ). 

fc— too 

Taking into account relation (|2.8|) . it is clear that the operator / c is well-defined and 

||/ D (A 1) ...,A n )||<|| J D||||/||. 
According to relations Q2.6JI and (|2.7|) . we have 

\\q^(rA 1 ,...,rA n )\\ < \\D\\ \\q k (Sx, . . . , S n )\\, 
for any < r < 1. Since P (p ,D,r is a bounded linear operator, we have 

f D {rAx,...,rA n ) := lim ^(rii, . . . , rA n ) 

(2.10) fc ^°° 

= hm Py,D,r{qk{Si, . . . , 5" n )) = P<p t D,r(f), 
k— >oo 

for any < r < 1. Using relations (|2.9j) . (|2.10j) . the fact that ||/ — qk\\ — > as k — > oo, and 

lim qj?(rA u ...,rA n ) = qj?(A u . . . , A n ), 
r—fl 
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we can easily prove that 



]imP v>D>r (f) = f D {A 1 ,...,A n ) 

r— +1 



in the uniform norm. For any < r < 1, Pip t D,r is a completely positive linear map. Hence, and 
using relations ()2.tjj) . ()2.7|) . we infer that P^^d is a completely positive map with H-P^dIIc^ < \\D\\. 
The condition (iii) is clearly satisfied due to relations ()2.2j) and ()2.6|) . The proof is complete. □ 

Let us remark that if tp is a pure completely positive map, i.e., <p k {I) — ► strongly, as k — > oo, 
then the Poisson transform Pu,d satisfies the equation 

P VtD f = K; jD (f ® / e C*(5i, . . . , s n ). 

We should also mention that Theorem 12 . II actually shows that given a w*-continuous completely 
positive linear map ip on B(TC), there exists D > such that < D if and only if there is a 

Poisson transform -P^d with the properties (i), (ii), and (iii) from Theorem 12.11 It remains to 
prove one implication. Indeed, if we assume that P^d satisfies the above-mentioned conditions, 
then 

n / n \ 

<p(D) = £ ADA* = P^ D SiS* < P V , D {I) = D. 

i=l \t=l / 

Corollary 2.2. If <p(X) := Ya=1 A%XA\ (n G N or n = oo) is a w* -continuous completely pos- 
itive linear map with AiAj = AjAi, i,j = 1, . . . ,n, then Theorem \2. 1\ remains true if we replace 
the left creation operators {Si,...,S n } by their compressions {B>i, . . . , B n } to the symmetric 
Fock space Fg{H n ). 

Proof. Since Fg(H n ) C F 2 (H n ) is an invariant subspace under each S*, i = 1, . . . , n, we have 

P FHHn) S a S;\F?(H n ) = B a B;, a,/3GF+. 

On the other hand, since the operators A{ are commuting, the Poisson kernel K V) d )T takes values 
in Fg{H n ) (8) TL for any < r < 1. Hence, and using relation (|2.6|) . we deduce that 

K* VtDtr (B a E£ ® I)K VtDtr = K; tD ,(S a S* ® 

= rM+lfl^i^g, a,/3 6F+. 

The rest of the proof is similar to that of Theorem 12.11 □ 

We recall that if n > 2, the Cuntz algebra O n is the universal C*-algebra generated by 
elements v i, . . . , v n subject to the relations 

n 

v*Vj = 5ijl and UjU* = /. 

i=l 

The following result shows that there is a strong connection between the fixed-point operator 
space C=(ip) and a class of Poisson transforms on the Cuntz algebra O n . The proof is based on 
noncommutative dilation theory |3U| . 

Theorem 2.3. If ip(X) := Y^i=\A,XA* (n > 2 or n = oo) is a w* -continuous completely 
positive linear map on B(7i) and D £ B(7i) is an invertible positive solution of the equation 
(p(X) = X, then there is a unique completely positive linear map &tp,D '■ On — * B(7i) such 
that $m ) £)(/) = D and 
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where {v\, . . . ,v n } is a system of generators for the Cuntz algebra O n . Moreover, if (p(I) = I 
and D is a positive operator such that ip{D) = D, then the result remains true. 

Proof. Assume D is an invertible positive operator with (p(D) = D and set Tj := D~ 1 ' 2 AiD 1 ' 2 , 
i = 1, . . . , n. Notice that 

n 

^TiT* = D~ 1/2 ip(D)D 1/2 = I H . 
i=l 

According to (SOI) the minimal isometric dilation of [Ti,...,T n ] is [Vi,...,Vy, where Vi are 
isometries on a Hilbert space JC^TL such that 

n 

]T ViV* = I K , V*\H = T*, and \J V a H = K. 

Therefore, there is a unique unital completely contractive linear map : C*(Vi, . . . , V n ) — > B{7i) 
such that V(V a V$) = T a T^, a,/3 € F+. Hence, we infer that * VjI3 : C*(V U . . . ,V n ) -> B(H), 
given by ^^^(X) := D l l 2 "fy(X)D 1 / 2 , is a completely positive linear map such that ^^(J) = D 
and 

^,d(K^*) = DV 2 T a T$DV 2 = A a DA*p, a, (3 £ F+. 
Therefore, the map $^,0 has the required properties and H^^dIIc* < ll-^ll- 

Now, let us assume that <p(I) = I and D is only a positive operator such that <p(D) = D. 
Hence, if e > 0, then D + el is positive invertible and <p(D + el) = D + el. Applying the first 
part of the theorem, we find a completely positive linear map *$> t : O n — ► B(7i) such that 

(2.11) *eK^) = + eAaAp, a,/?eF+ 
and 

(2.12) ||*e|U< \\D + eI\\. 

If g(f;i, . . . , v n ) := £) aj/96F + a a pv a v*p is a polynomial in O n , define 

g D (yli,...,A n ) := ^ a a/3 A Q .DA£. 

The definition is correct since, according to (|2.12|) . we have 

(2-13) \\q D (A 1 ,...,A n )\\ < p||||g(Vi,...,y n )||. 

Define % >D : O n -» B(W) by setting := f D (A u . . . , A n ), / e O n , where 

(2.14) := lim q° {A u . . . , A n ) 

fe^oo 

and qk(vi, ■ ■ ■ , v n ) is an arbitrary sequence of polynomials in O n convergent to /. Using relation 
(|2.1H) and standard approximation arguments, we deduce 

vP e (/) = %Mf) + ^,/(/)> 
where P<y, / is the Poisson transform associated with </> and /. Taking e — > 0, we infer that 

$, )D (/) = lim* e (/) 1 feO n , 

e— >0 

in the uniform norm. Since for each e > 0, is a completely positive linear map satisfying (|2.12|) . 
we deduce that <& v d is completely positive and ||<I>m £>[|c& ^ ll-^ll- The proof is complete. □ 
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3. Ergodic theory of completely positive maps on B(H) 

In this section we present canonical decompositions (see Theorem 13.1(1 . ergodic type results 
(see Theorem l3.2|) . and lifting theorems (see Theorem l3.5(l for w*-continuous positive linear maps 
on B(7i). These results and the Poisson kernels of Section |2] are used to prove the main result of 
this section (see Theorem 13.8(1 . which provides a complete description of the C(ip)-sets, when tp 
is a w*-continuous completely positive linear map with <p(I) < /. When we drop the condition 
tp(I) < /, we also obtain characterizations of the C(</?)-sets (see Theorem 13.41 and Theorem 13. 7(1 . 

Let tp be a u>*-continuous positive linear map on B(7i). An operator C £ B(H) is called pure 
solution of the inequality tp{X) < X if 

SOT - lim /(C) = 0. 

Notice that a pure solution is always a positive operator. In what follows we present a canonical 
decomposition for the selfadjoint solutions of the operator inequality <p(X) < X. 

Theorem 3.1. Let tp be a w* -continuous positive linear map on B(TC) and let A £ B(TC) be a 
selfadjoint solution of the inequality tp(X) < X. Then there exist operators B,C £ B(7i) with 
the properties: 

(i) B = B* is a solution of the equation tp{X) = X; 
(ii) C > is a pure solution of the inequality tp{X) < X; 
(hi) A = B + C. 

Moreover, this decomposition is unique. 

Proof. The sequence of selfadjoint operators {p k (A)}^L ^ s bounded and decreasing. Thus it 
converges strongly to to a selfadjoint operator B := SOT— lim ip k (A). Since tp is u;*-continuous, 

we have (f(B) = B. Setting C := A — B, we clearly have C > and 

V(C) = ip(A) -B<A-B = C. 

Since <p k {C) — > strongly, as k — > oo, C is a pure solution of the inequality ip(X) < X. 

Now suppose A = B\ + C\ with ip(Bi) = B\ and C\ is a pure solution of the inequality 
cp(X) < X. Then 

B — B\ = <p k (B - B x ) = /(Ci - C) -> 0, as k -> oo. 
Therefore, B = B\ and C = C\. The proof is complete. □ 

Let us remark that a result similar to Theorem 13. II holds if A is a selfadjoint solution of the 
inequality (p (X) > X. 

Now, we can prove the following ergodic type result. 

Theorem 3.2. Let tp be a vf -continuous positive linear map on B(TC) and let A £ B(7i) be a 
selfadjoint solution of the inequality p>{X) < X . Then 

sot - lim m±m+^±£M _ B, 

k^oo k 

where A = B + C is the canonical decomposition of A with respect to tp, and p(B) = B. 
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Proof. Since C is a pure solution of the inequality cp(X) < X, we have SOT - lim ip k {C) = 0. 

k— *oo 

Taking into account that < <p k (C) < C, k = 0, 1, . . ., a standard argument shows that 

SOT - lim /«W(0 + - + * t -'(0 _ „. 

k^oo k 

On the other hand, since A = B + C and <p(B) = B, we infer that 

^(A)+^(A) + -.. + ^\A) ^ { C)+^{C) + --- + y k -\C) 

k = B + k ■ 

Hence, the result follows. □ 

We recall from JJUj the following Wold type decomposition for isometries with orthogonal 
ranges. Let Vi S B(JC), i = l,...,n, be isometries with V*Vj = if i ^ j. Then there are 
subspaces IC C ,IC S C K reducing for each Vi, ■ ■ ■ , V n , such that 

(i) K = /C c ffi/C s ; 

(ii) EhW)I^ = ^ 

(hi) {Vi|/C s }f =1 is unitarily equivalent to {Si ig) lM}f=i for some Hilbert space Ai. 

Moreover, the decomposition is unique, up to a unitary equivalence. Since the isometries 
{Vi|/C c }™ =1 generate a representation of the Cuntz algebra O n , we call tC c the Cuntz part in 
the Wold decomposition K, = fC c © /C s . 

Corollary 3.3. Let ip^ be a w* -continuous completely positive linear map on B(TC) such that 
<f>r(I) < I and <pr(X) = £?=i T { XT* (n £ N orn = oo). Then 

sot - lim m±*mp^&^i _ PnPKM 

where K c is the Cuntz part in the Wold decomposition K, = K, c © JC S of the minimal isometric 
dilation [Vi, . . . , V n ] of [Ti, . . . , T n ] on f/ie Hilbert space K^DTL. 

Proof. Since [Vi, . . . , V n ] is the minimal isometric dilation of [Ti, . . . , T n ] on /C 5 H, we have 
= T*, i = l,...,n. Define the completely positive map <pv(Y) := Yd =l ViYV?, Y £ 
B(JC). Since <^(J^) = f^^C^ic)!?^) J = 1,2,..., it remains to prove that 

(3.i, sot - i,m m±m+^±£im = PKs . 

fc^oo A; 

According to Theorem 13.21 and Theorem 13. H the limit in Q3.1|) is equal to SOT — lim (py(Ifc). 

k—*oo 

The noncommutative Wold decomposition [HO], shows that 

SOT- lim ip k v {I K ) = P Kc . 

k— »oo 

This completes the proof. □ 

We recall [SHI that an n-tuple of operators [Ti, . . . , T n ], Ti S B(Tt), is a Co-row contraction if 
TiTi* + • • • + T n T* < I n and 

lim ^ ||T>|| 2 = for any h £ Ti. 

a&t,\a\=k 

In what follows, we obtain a characterization of the solutions of the inequality <f(X) < X (resp. 
equation (p(X) = X), where (p is a u;*-continuous completely positive linear map on B(7i). 
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Theorem 3.4. Let (p be a w* -continuous completely positive linear map on B(TL) given by 

■n 

V{X) :=Y,AiXA*, X G B{H). 



i=l 



A positive operator C G B{7i) is a solution of the inequality <p(X) < X (resp. equation <f(X) = 
X) if and only if there exist operators B^ G B{TL), i = l,...,n, such that Y^i=\BiB* — ^ 
(resp. Yh=i B iB* = V an( ^ 

(3.2) AiC 1 ' 2 = C^Bi, i = l,...,n. 

Moreover, C is a pure solution of <f(X) < X if and only if there exists a Co-row contraction 
[B%, . . . , B n ] satisfying relation (j3.2j) . 

Proof. Assume that C G B(Tt) is a solution of the inequality ip(X) < X (resp. equation <p(X) = 
X). Define the operator Gt : range C 1 / 2 — > range C 1 / 2 by setting 

G*C X I 2 := C l l 2 A*, i = l,...,n. 

The definition is correct since 

n n 

(3.3) Yl \\G*C 1/2 h\\ 2 = \\C 1/2 A*h\\ 2 = (p(C)h, h) < \\C 1/2 h\\ 2 . 

i=l i=l 

If 92(C) = C, then we have equality in (|3,3|) . Let Qi, i = l,...,n, be bounded operators 
on M := (range C l l 2 ) L such that Y%=i QiQ* = L Define B i := Gi ® Q it i = 1,. . . ,n, with 
respect to the decomposition 7i = Ai ± © Ai, and notice that Y17=i B%B* < I if (f(C) < C, and 
ELi BiB*=I if <p(C) = C. 

Conversely, assume that Bi G B(7i) satisfies AiC 1 ^ 2 = C x l 2 Bi, for any i = 1, . . . , n. Then we 
have 

v(c)=c i ' 2 ci/2 < c 

11 n 

if J2 BiB* < I, and ip(C) = C if £ B { B* = I. 

8=1 8=1 

To prove the second part of the theorem, assume that C is a pure solution of <f(X) < X. 
Following the first part of the proof, define Bi := Gj © 0, i = 1, . . . ,n, with respect to the 
decomposition 7i = A4 ± © M.. Since 

Y \\G* a C^ 2 h\\ 2 = ( v k (C)h,h), hen, 

\a\=k 

it is clear that B a B* a — > strongly, as k — > 0. Therefore, . . . , £> n ] is a Co-row contrac- 

\a\=k 

tion. For the converse, it is enough to observe that 

/(C) = C 1 / 2 ( YBaB^C 1 / 2 . 
\M=* / 

This completes the proof. □ 
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Consider now the case when ip is a iu*-continuous completely positive linear map on B(TL) 
with (p(I) < I. Let 

n 

<pr(X) -Y.TiXTt, X G B(H), 

i=i 

where n G N or n = oo, and let 

n 

^K):=£W, yei?(/c), 

1=1 

where [Vi, . . . , V n ] is the minimal isometric dilation of the row contraction [T\, . . . , T n ] on the 
Hilbert space K D H (see |3U]), i.e., V*\ H = T*, i = 1, . . . , n, and K, = V q gf+ V » 7i - We cal1 V>V 
the minimal dilation of ifT- Notice that cpv is a normal *-endomorphism of B(7i) such that 

<^(x)/i,/o = <^PO/a'>, 

for any h,ti G W, X G B(H) C 5(/C), and it G N. Here we identify X G with 
P-yiXPyi G B(IC), where is the orthogonal projection of K, onto TC. 

The noncommutative dilation theory together with Theorem 13.41 can be used to obtain the 
following lifting theorem for the solutions of the operator inequality <pt(X) < X (resp. equation 
<pr(X) = X). 

Theorem 3.5. Let ipx be a w* -continuous completely positive linear map with <£t{I) < I and 
let (pv be its minimal isometric dilation. 

(i) A positive operator C G B(TC) is a solution of the inequality (Pt(X) < X (resp. equation 
(Pt(X) = X), if and only if C := Pt-[D\TC, where D is a positive solution of the inequality 

— Y (resp. equation <py(Y) = Y ), such that ||C|| = \\D\\. 

(ii) An operator C G B(Tt) is a pure solution of the inequality ipt(X) < X if and only 
if C := PnD\Tt, where D is a pure solution of the inequality (py(Y) < Y, such that 
\\C\\ = \\D\\. 

Proof. Assume that C G B(TC) is a solution of the inequality (px(X) < X. Taking into account 
Theorem 13.41 we find Bi G B(TC) satisfying 

TiC 1 ' 2 = C^Bi, i = l,...,n, 

where [B\, . . . , B n ] is a row contraction which has the property Y27=i B%B* = 1 if 93(C) = 
/, and Yl B a B^ —* strongly, as k —* 0, if <£ k {C) —> 0. Let [Vi,...,T4] be the minimal 

\a\=k 

isometric dilation of [Ti, . . . , T n ] on a Hilbert space /Ci D T~i, and let [Wi, . . . , W n ] be the minimal 
isometric dilation of [B\, . . . , B n ] on a Hilbert space IC2 5 H. According to the noncommutative 
commutant lifting theorem [HOI (see also [HI]), there exists an operator C : K\ — > K2 such that 
C 1 / 2 = C\H, IICH = He 1 / 2 !), and 

CV* = WiC, i = l,...,n. 

Notice that 

(p v (C*C) = C* w i w ^j c < C*C, 

if <pr(C) < C and <pv(C*C) = C*C if <p T (C) = C. Setting D := C*C, we have \\D\\ = \\C\\, 
C = P-ftD\7i., and the first part of the theorem is proved. 
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For the second part, if p^(C) — > strongly, as k — > oo, then, according to Theorem 13.41 the 
row-contraction [Si , . . . , B n ] is of class Co and its minimal isometric dilation [W\ , . . . , W n ] is a 
Co-row isometry. Therefore, 

Py{D) = C* I ^ ) C -► strongly, as k -> oo. 

\[a|=fe / 

Conversely, if -D is a solution of the inequality <py(Y) < Y, then 

n n 

<p(P H D\H) =J2 T i( p nD\n)T* = P H (Y,ViDV*)\H 
i=i i=i 
= PnMD)\H < P n D\H. 

Notice that we have equality if <^y(L>) = D. On the other hand, since 

p k {P H D\H) = P H Pv(D)\H -» strongly, as k -> oo, 

it is clear that C := P-hD\TC is a pure solution of the inequality <pt(X) < X when .D is a pure 
solution of the inequality </?y(Y) < Y. The proof is complete. □ 

Corollary 3.6. ( If Pt(I) = I> then a positive operator C G B(TC) is a solution of the 
equation <pt(X) = X if and only if there exists D G {Vi, V*}' such that 

C = P n D\H, \\D\\ = [|C||. 

Moreover, the result remains true if C is a selfadjoint operator. 

Proof. Notice that if ipy(Y) = Y, then Y G {Vi,V*}'. If pr(I) = I, then the converse is also 
true. In this case we have Y27=l ^iV* = I- Applying Theorem 13.51 the result follows. □ 

The Poisson kernels of Section [2] can be used to better understand the structure of the pure 
solutions of the inequality <p(X) < X, where ip is a w*-continuous completely positive linear 
map on B(7i). 

Theorem 3.7. Let <p be a w* -continuous completely positive linear map on B(Ti) given by 

n 

p(X):=Y,AiXA*, X G B(7i). 
i=l 

A positive operator C G B(Tt) is a pure solution of the inequality <p(X) < X if and only if there 
is a Hilbert space T> and an operator K : TL — > F 2 (H n ) T> such that 

(3.4) C = K*K and KA* = (S* <g> I V )K, i = l,...,n. 

Proof. Assume C is a positive solution of tp(X) < X. Let K^ c ■ H -> F 2 (H n ) <g> V be the 
Poisson kernel associated with p and C, i.e., 

K v , c h := Yl e <* ® AA ** h > heH > 

where A := (C - p(C)) 1 / 2 and V := range A. According to the results of Section [3 the relation 
(|3~I|) holds when K := K V:C ■ 
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Conversely, if relation Q3.4J) is satisfied, then 

n / n \ 

Lp(K*K) = AiK*KA* = K* s i S i ® 1 J K < K * K - 
i=i \i=i J 

( n \ 

Since ip k (K*K) = K* Yl ^ a S* (g) I \ K is strongly convergent to zero as k — ► oo, the result 

\\ a \=k 1 / 

follows. □ 

The main result of this section is the following theorem which characterizes the positive 
solutions of the operator inequality (pT (X) < X, when <£t{I) < !■ 

Theorem 3.8. Let ipx be a vf -continuous completely positive linear map with <£>t(-0 < I and 
let (fv be its minimal isometric dilation. A positive operator A G B(7i) is a solution of the 
operator inequality ipt(X) < X if and only if there exist 

(i) an operator B G B(K.) in the commutant of {Vi, V*}^ =1 , 

(ii) a Hilbert space T>, and an operator K : K. — > F 2 (H n ) ® T> with 

ViK* = K*(Si®I v ), 1 = 1,2,..., 

such that 

(3.5) A = P n Ax\ n + PhMh, \\A\\ = ||Ai + A 2 ||, 

where 

Ai := [SOT - lim <ffy(B)], A 2 := K*K, 

k— >oo 

and Pyi is the orthogonal projection on 7i. Moreover, the canonical decomposition of A with 
respect to (px coincides with the decomposition from (|3.5|) . 

Proof. According to Theorem 13.51 a positive operator A £ B(7i) is a solution of the operator 
inequality ipx{X) < X if and only if there exists a positive operator D G B(fC) such that 

fv(D) <D,A = P n D\H, and \\A\\ = \\D\\. 

Let D = B + C be the canonical decomposition of D with respect to ipy, i.e., 

(a) B = B* is a solution of the equation (py(Y) = Y; 

(b) C G B(IC) is a pure solution of the inequality (pv(Y) < Y. 

According to Theorem l3.H we have B = SOT— lim ip v (D). Since ipv(B) = B, it is clear that B 

k— >oo 

in the commutant of {Vi, V*}'^ 1 , and B = (p v (B), for any k G N. On the other hand, applying 
Theorem 13.71 to the operator C, we infer that there is a Poisson kernel K : K, — > F 2 (H n ) (g) T> 
associated with ipy and C, such that 

KV* = {S* ® I)K, i = l,...,n, 

and C = K*K. Summing up and setting A 2 := C, we obtain relation (|3.5[) . 

Conversely, if 5 G 5(/C) in the commutant of {V^V*}^, then ipy(B) < B. Hence : = 
[SOT — lim (fy(B)] exists and (fy{A\) = A\. On the other hand, if K satisfies (ii), then, 

k— >oo 

according to Theorem 13.71 the operator KK* is a pure solution of the inequality <py(Y) < Y. 
Therefore, we have <py(Ai + KK*) < A\ + KK* . As in Theorem 13.51 we infer that 

A = P n A l \ H + P H KK*\ n 
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is a positive solution of the inequality <pt(X) < X. The proof is complete. □ 

Corollary 3.9. If <j>t (I) < I and A £ B(H) is a positive operator, then <pt(A) = A if and only 
if there exists B £ B{1C), B > 0, in the commutant of {Vi,V*} ( j*i 1 such 

A = P H [SOT - lim <p k v (B)]\ n = P H BP Ku \ H , 

fc^oo 

where KL U is the Cuntz part in the Wold decomposition fC = KL U © fC s of the minimal isometric 
dilation [V\, . . . , V n ] of [T± . . . , T n ] on the Hilbert space K, D Ji . 

Let /C and K,' be Hilbert spaces. We recall from |3J that a bounded linear operator M £ 
B(F 2 (H n )®lC,F 2 (H n )®lC') is multi-analytic if M (Si® Ik) = (Si®I K i)M, i = l,...,n. The set 
of multi-analytic operators coincides with the operator space R^®B(IC,IC'), where _R£° is the 
commutant of the noncommutative analytic Toeplitz algebra Ffi°. More about multi-analytic 
operators on Fock spaces can be found in [321, EH]) and |38| . 

Corollary 3.10. ( ) If ' Pt(I) < I an d (fT is pure, i.e., ^(1) — > strongly, as k — > oo ; then 
any positive solution A of the inequality ipt(X) < X is pure and A = Py^^*^, where ^ is a 
multi- analytic operator. 

Proof. Since ip!^(A) < ||^4|| ip!^(I), k = 1,2,..., and tpx is pure, we infer that any positive 
solution of the inequality ^t(X) < X is pure. On the other hand, since (fx is pure, [Ti, . . . , T n ] 
is a Co-row contraction. According to [20], its minimal isometric dilation ca be identified with 
[5i (g> I_A4, . . . , S n <8> Im] f° r some Hilbert space M.. Applying Theorem 13.81 we have 

(Si®I M )K* = K*(Si®I v ), i = l,...,n, 

i.e., K* is a multi-analytic operator, and the result follows. □ 

Proposition 3.11. If ipt(I) = I and A € B(TC) is a selfadjoint operator, then ipx(A) < A if 
and only if there exist an operator B £ B(K,) in the commutant of {Vi,V*}^ 1 , a Hilbert space 
T>, and an operator K : K, — > F 2 (H n ) (8) T> with ViK* = K*(Si <8> Iv), i = 1, . . . ,n, such that 

(3.6) A = P H B\ H + P n KK*\ H , 

where P-j-i is the orthogonal projection on TC. Moreover, the canonical decomposition of A with 
respect to ipx coincides with the decomposition (|3.6|) , 

Proof. Let A = R + Q be the canonical decomposition of A with respect to ipx- Then the 
operator R := [SOT — lim ip k -,(A)] is selfadjoint and tpr(R) = R, and Q is a pure solution of 

the inequality ipx(X) < X. Applying Corollary 13.61 to the operator R, we find B £ B(fC) in the 
commutant of {Vi, V*}'?i 1 such that R = P-j-iB\H. Using Theorem 13. 71 we infer that Q = KK*, 
as required. The proof of the converse is the same as the one from Theorem 13.81 □ 

The following result provides a new insight and an alternative proof of Corollary 13.91 which is 
based on the Poisson transforms of Section |^1 and not on the noncommutative commutant lifting 
theorem. 

Proposition 3.12. Let (fT be a w* -continuous completely positive linear map with ^pt(I) < I 
and let ipy be its minimal isometric dilation. If R G B(7i), R>0, is a solution of the equation 
(Pt(X) = X, then there is A £ B(IC) in the commutant of {Vi,V*}'?i 1 such that R = Pt-cA\H. 
Conversely, if A £ B(K,) is such that cpy(A) = A then R := P-^A\H. is a solution of the equation 

Mx) = x 
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Moreover, if (fx (I) = I, then the result remains true if R G B{TL) is a selfadjoint solution of 
the equation (pt{X) = X. 

Proof. Let R G B(7i) be such that < R < I and <pt(R) = R- According to Theorem 
12.11 there is a unique completely positive linear map P v ,r '■ C*(Si, . . . ,S n ) — > B(TC) such that 
PpMSctSp) = T a RT*, a, 13 G F+, and P v ,r(I) = R. Since <p(I-R) = tp(I) -R < I-R, we can 
apply again Theorem 12.11 and find a completely positive linear map P v j~r : C*(Si, . . . , S n ) — > 
B(H) such that P v ,i-r{So,S* p ) = T a (I - R)T*, a, (3 G F+ and P v j_ R (T) = I - R. Hence, 
Pip,i-R = P<fi,i — Pip,R is a completely positive linear map, where P v j is the Poisson transform 
associated with the row contraction [Ti, . . . , T n \. Therefore, 

(3.7) < P^ R < P vJ . 

Notice that P tp j(x) = P-nir(x)\Tl, where ir is the representation of C*(S\, . . . , S n ) generated by 
the minimal isometric dilation [Vi, . . . , V n ] on the Hilbert space IC ^ 7i, i.e., Tr(S a S^) = V a Vg. 
On the other hand, since Pip t R is a completely positive linear map, according to Stinespring 
theorem [43] . there is a representation p : C*(Si, . . . , S n ) — > B(Q) and an operator W G B(7i,Q) 
such that P v ,r(x) = W*p(x)W, x G C*(5i, . . . , S n ), and V ai/3eF + p{S a S$WH = Q. Define the 
operator C G B(JC,G) be setting 

(fc \ fc 

i=l / i=l 

where aj,/?j G F+, /i^^ G "H, and G N. Using (|3.7jl . we have 

fe fc 
|| ^p(S , Qi S , ^)Ty/i Qift || 2 = ^ {P^R^S^S^.So^Sp^h^^h^p, 

i=l ij=l 

fc 

fc 

hiIX^aII 2 - 

i=l 

This shows that C is well-defined and can be extended to a contraction from /C to Q with the 
properties Ch = Wh, h £ 7i and 

(3.8) CV a V^h = p(S a S* p )Wh, a,f3e¥+,h£ H. 
Hence, we deduce that 

(3.9) CV a Vp = p(S a S;)C, a, [3 G F+ 
Indeed, using (|3,8|) . we have 

CF a VJF 7 /t = / 9(S Q ^S 7 )H//i = p(S a S* p )CVyh. 
Now, setting B := C*C, we infer that < B < I and 

5V Q V£ = C*CV Q Vg* = C*p(S a S*p)C 
= V a VpC*C = V a VpB. 
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Therefore, B is in the commutant of {V^V^*}^. On the other hand, notice that 

(p H Bv a v$h,ti) = (cv a v;h,cti) 

= ( P (S a S* p )Ch,Ch') 
= (W*p(S a S* p )Wh,ti) 

= (P V ,R(S a S*p)h,h , ) 1 

for any h, h! G TL. Therefore, P V) R,(S a Sp) = PnBV a V^\TL, a, (3 G F+. Hence, we have R = 
P<p,r{I) = PhB\TC. Since B commutes with each Vi and V*, we have 

tp v {B) = B 1 l 2 ip v {I)B 1 ! 2 < B 

if (fiv(I) < I j an d (py(B) = B if f>v{I) = ^- We recall that <pv(I) = -f if and only if 92(1) = I. 

For the converse, assume A G B(IC) satisfies ipy{A) = A, and let R := P^A\TL. Taking into 
accout that [Vi, . . . , V n ] is the minimal isometric dilation of [Ti, . . . , T n ], we have 

n 

(<p(R)h,ti) = J2( A V*h,V*ti) = (<p v (A)h,ti) 

i=l 

= (Ah,ti) = (Rh,ti) 

for any h, h! G Ti- 

When <^>{I) = I, the result of the theorem remains true if R is a selfadjoint operator satisfying 
(p(R) = R. It is enough to apply the first part of the theorem to the positive operators R\, R2 
in the Jordan decomposition R = R\ — R2. Notice that, since <p(I) = I, we have ^{Rj) = Rj, 
j = 1, 2. The proof is complete. □ 



4. Common invariant subspaces for ?i-tuples of operators 

We show that there is a strong connection between the positive solutions of the operator 
inequality <p(X) < X, where (p is a u;*-continuous completely positive linear map on B(7i) 
defined by <p(X) := Ya=i AiXA*, X G B(Tt), and the common invariant subspaces for the n- 
tuple of operators {^4j}™ =1 . In this direction, we obtain invariant subspace theorems (eg. Theorem 
I4.3JI and Wold type decompositions for w*-continuous completely positive linear maps on B(7i) 
(eg. Theorem 14 .7|) . The latter results generalize the classical Wold decomposition for isometries, 
as well as the one obtained in [HO] for isometries with orthogonal ranges. As in the previous 
sections we consider n G N or n = 00. 

Lemma 4.1. Let <pa be a w* -continuous completely positive linear map on B(7i) given by 
Pa{X) := Ya=i AiXA*. If X > and <pa(X) < X, then the subspace ker X is invariant under 
each A*, i = l,...,n. In particular, if M. is a subspace of TL and <Pa{Pm) — Pm> then M. 
is invariant under each A}, i = 1, . . . ,n. If (fA_(I) < I and M is reducing under each A{, 
i = l,...,n, then lpa{Pm) < P M- 

Proof. Since X > and <pa{X) < X, for any h G kerX, we have 

n 

< J2(AiXA*h,h) < (Xh,h) = 0. 

i=l 
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Hence 1 1 J 5 ^ 1 / 2 ^4? 1 1 =0, i = 1, . . . ,n, whence A*h G ker AT. As a particular case, if Ai is a 
subspace of TL and (pa(Pm) < Pm-, then M. is invariant under each Ai, i = 1, . . . ,n. On the 
other hand, if (Pa(I) — I an d M is reducing under each Ai, i = 1, . . . , n, then Pj^Ai = AiPj^i 
and therefore 

^Pa(Pm) = Pmpa(P)Pm < Pm- 
The proof is complete. □ 

Corollary 4.2. Let ipx be a w* -continuous completely positive linear map on B(TL) given by 
<Pt(X) := Y^7=i TiXT* with <pt{P) < I- If X G B(TL) is a positive operator such that \\X\\ = 1 
and <pt(X) > X then the fixed-point set {h G Ti : Xh = h} is invariant under each T* , 
i = 1, . . . , n. 

Proof. Notice that I - X > and 

(p T (I ~X) = ip T (I) - tpr{X) < I — X. 
Applying Lemma I4.H to the positive operator I — X, the result follows. □ 

Let tp be a ^-continuous completely positive linear map on B(7i). The orbit of X G B(7i) 
under the semigroup generated by tp is the sequence 

ip°(X),<p\X),<p 2 (X),..., 

where (p°(X) := X. We say that the orbit of X G B{TL) under tp has a fixed point if there is 
h G TL such that 

tp°(X)h = tp k (X)h, A: = 1,2,.... 

Theorem 4.3. Let tpA be a w* -continuous completely positive linear map on B(7i) given by 
tpA(X) := Y^i=lAiXA*. Assume that there is a positive operator X G B(7i), X / 0, such 
that tpA(X) < X. If one of the following statements holds, then there is a nontrivial invariant 
subspace under each Ai, i = 1, . . . , n: 

(i) X is not injective; 

(ii) X is not pure with respect to tpA an d there is h G 7i, h ^ 0, such that lim tp k A {X)h = 0; 

k—>oo 

(iii) (pt(X) 7^ X, and the orbit of X under tpA has a nonzero fixed point. 

Proof. Due to Lemma 14.11 if X is not injective, then (ker X) 1 - is invariant under each each Ai, 
i = 1, ... ,n. Now assume that (ii) or (iii) holds. Let X = B + C be the canonical decomposition 
of X with respect to tpA- According to Theorem 13.11 we have 

B = SOT - lim tp'X(X), tp A {B) = B, 

k— >oo 

and C is a pure solution of the inequality (fA{X) < X. By Lemma l4.1| the subspaces (ker B) 1 - 
and (ker C) 1 - are invariant under each each Ai, i = 1, . . . , n. On the other hand, we have 

ker B = {h G H : SOT - lim tp\{X)h = 0} 

k— too 

and 

ker C = {h G H : SOT - lim <p k A (X)h = Xh}. 

k^oo 

Since tpA^X) < X, it is easy to see that 

kerC = {h G H : ip A ( x )h = Xh, k G N}. 
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Now, notice that the condition (ii) (resp. (hi)) holds, if and only if the the subspace keri? 
(resp. kerC) is nontrivial, and the result follows. □ 

Another consequence of Lemma 14. II is the following result which was also obtained in |13| . 

Corollary 4.4. Let <px be a w* -continuous completely positive linear map on B(H.) such that 
V>t(I) = I- Then Ai C Ti is is an invariant subspace under each Ti, i = 1,2,..., if and 
only if lpt{Pm) — Pm- Moreover, M. is reducing under each Ti, i = 1,2,..., if and only if 
Vt(Pm) = Pm- 

Proof. According to Lemma 14. 11 if <pt(Pm) < Pm-i then the subspace TtQ M is invariant under 

under each T* , i = 1, 2, Conversely, assume A4 is invariant under under each Tj, i = 1, 2, 

Then QTiQ = QTi, where Q := I — Pm- It is easy to see that 

<pt(Q)Q = Mi)Q = Q = Q<pt(i)Q = QMQ)Q- 

Since the operators <Pt(Q) and I — Q are positive and commuting, we have 

MQ)-Q = MQ)V-Q)>Q- 

Hence, (pr(Q) > Q- Since </?t(-0 = !■> we infer that lpt{Pm) < Pm- The last part of the 
corollary can be proved in a similar manner. □ 



The following two propositions are needed to prove our Wold type decomposition theorem for 
w*-continuous completely positive linear maps on B(7i.). 

Proposition 4.5. Let ip be a w* -continuous positive linear map on B(Ti) with \\ip\\ < 1. Then 

ip°°(I) := SOT - lim ip k (I) 

k— >oo 

exists and has the following properties: 

(i) < p°°(J) < I; 

(ii) <p(<p 00 (I)) = <p 00 (I); 

(hi) If<p°°(I)^0, then ||^(/)|| = 1; 

(iv) If(p°°(l)h + 0, then Lp k {L)h ^ for any keN. 

Proof The hrst two statements are particular cases of Theorem 13.11 We prove (hi) . For any 
h G Ti, k G N, we have 

(<p°°(l)h,h) = (ip k (^(L))h,h) < \\^(L)\\(tp k (L)h,h). 

Taking the limit as k — ► oo, we obtain 

(^(L)h,h)<y™(L)\\ 2 (h,h). 

Hence, \\^{I) 1/2 \\ < ||v9°°(/) 1/2 || 2 . Since y°°{L) l l 2 \\ 2 = \\<p°°(I)\\ < 1, we deduce that 
Hv? 00 ^) 1 / 2 !! = or 1 1 (/j 00 (I) 1 / 2 1 1 = 1, which proves (hi). For the proof of (iv), let h G H be 
such that Lp°°{L)h ^ and assume that there is ko G N with ip k °(L)h ^ 0. Since 

< (<p m+ko (L)h,h) < (tp ko (I)h,h) = 0, 

for any m G N, we infer that ip m+k °(L)h = 0, m G N. Hence (p°°(I)h = 0, which is a contradic- 
tion. Therefore, (p k (L)h for any k G N. □ 
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Let us remark that if <f(I) < I, then 

(4.1) ker^°°(I) = {h G H : hm ip k (I)h = 0} 

and 

(4.2) ker(I - = {h e H : y k {I)h = h, k G N}. 

Proposition 4.6. Lei ip be a positive linear map on B(7i) with \\(p\\ < 1. T/ien admits a 
decomposition of the form 

(4.3) H = 7Weker(/- V9 00 (/))eker^ 00 (/), 
and 7W = {0} i/ and only if cp°°(I) is an orthogonal projection. 

Proof. Since 



U = range (p°°(I) © ker <p°°(I) and ker(I - ip°°(I)) C range 9?°°(I), 

we obtain relation (J4.3|) . On the other hand, since ip°°(I) is a positive operator, one can prove 
that 

ker^I) - ^°°(I) 2 ] = ker <p°°(I) © ker(/ - </>°°( J ))- 

On the other hand, since ker[<£>°°(I) — (^°°(/) 2 ] = Ti if and only if ip°°(I) is an orthogonal 
projection, the result follows. □ 

Now we can obtain the following Wold type decomposition. 

Theorem 4.7. Let ip^ be a w* -continuous completely positive linear map on B(7i.) given by 
ipA^X) := X^Si AiXA* such that \\^pa\\ < 1- Then 7i admits a decomposition of the form 

H = A4©ker(7-^(7))©ker^(J), 

and tae subspaces ker(J — ip^^I)) and ker^J^I) are invariant under each A*, i = 1, ... ,n. //, 
m addition, ip^(I) is an orthogonal projection, then we have 

(4.4) W = ker(J - ^(J)) © ker ip%(I), 

and the subspaces ker(/ — (p^(I)) and ker ip°£(I) are reducing for each A{, i = 1, . . . , n. 

Proof. According to Proposition I4.5| we have ^(^^(-O) = ip^(I). Using Lemma 14.11 and 
Corollary 14.21 we infer that the subspaces kerip'^(I) and ker(J — ip^(I)) are invariant under 
each A*, i = 1, . . . , n. The rest of the proof follows from Proposition 14. HI □ 



Notice that, in particular, if A\ are isometries with orthogonal ranges, then the decomposition 
(|4,4[) coincides with the noncommutative Wold decomposition from |30| . 
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5. Similarity of positive linear maps 

The main objectives of this section are to provide necessary and sufficient conditions for a 
u>*-continuous positive linear map tp on B(7i) to be similar to a positive linear map A on B(7i) 
satisfying one of the following properties: 

(i) A(J) = I (see Theorem 15.1(1 ; 

(ii) || A || < 1 (see Theorem 15.9(1 ; 

(hi) A is a pure completely positive linear map with ||A|| < 1 (see Theorem 15.11(1 : 

(iv) A is a completely positive linear map with ||A|| < 1 (see Theorem 15. 13J) , 

We show that these similarities are strongly related to the existence of invertible positive solu- 
tions of the operator inequality tp{X) < X or equation tp(X) = X. 

We say that two linear maps tp, A : B(7i) — > B(7i) are similar if there is an invertible operator 
Re B(H) such that 

(5.1) tp{RXR*) = RX(X)R*, for any X G B(H). 
Notice that relation (|5.1() is equivalent to 

(5.2) tp = i(p R oXoi(;~ 1 , 
where ip R (X) := RXR*, X G B{H). 

Theorem 5.1. Let tp be a w* -continuous positive linear map on B(TC). Then the following 
statements are equivalent: 

(i) tp if similar to a w* -continuous positive linear map A on B(TC), with X(I) = I. 

(ii) There exist positive constants < a < b such that 

aI< y ° w +/</) + ...+ /-w fc6N; 

k 

(iii) There exist positive constants < a < b and an invertible positive operator P G B(7i) 
such that 

k 

(iv) There exist positive constants < c < d such that 

d < tp k (I) <dl, k G N; 

(v) There exist positive constants < c < d and an invertible positive operator R G B(7i) 
such that such that 

cl < tp k (R) <dl, k G N; 

(vi) There exists an invertible positive operator Q G B(TC) such that such that tp(Q) = Q. 
Moreover, the operator Q can be chosen such that al < Q < bl . 

Proof. First we prove that (i) 44> (vi). Assume (i) holds, i.e., tp(RXR*) = RX(X)R*, where 
A(I) = / and R G B(7i.) is an invertible operator such that al < RR* < bl, for some constants 
< a < b. Setting X := I and Q := RR*, we obtain tp{Q) < Q. Conversely, assume (vi) holds 
and define 

X(X) := Q-^^Q^XQ^Q- 1 / 2 , X G B{H). 
It is clear that A is a ^-continuous positive linear map with A(/) = /. Moreover, we have 
<P = V'-R A o ipft 1 , where R := Q 1 / 2 . 
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The implications (iv) (v) => (iii) and (iv) (ii) => (iii) are obvious. We prove that (i) 
(iv). Assume if = ipR o A o , with ii G B(7i) invertible, and A(I) = I. Since all the maps are 
positive, we have 

/(/)< ||^)ll <MA fc 0O) 

<||^ 1 (/)||||^(/)||/=||i?- 1 || 2 || J R|| 2 /. 

On the other hand, we have 

/ = o <p k o ^)(J) < ||^(/)|| R-\ k (I)R*-\ k G N. 
Hence, we obtain RR* < ||^(J)|| ip k (I), which implies 



hn RR " - \\ 

Putting together relations (|5.3|) and (|5.4|) . we deduce 

P^^TTp /</(/)< ll^ 1 !! 2 !!^!! 2 /, A;GN, 

which proves (iv). 

It remains to show that (iii) =4> (vi). Let P be an invertible positive operator such that (iii) 
holds. Since ip is positive, we have 

On the other hand, it is clear that, for any j < k, 

<fp{p) = & k -i o ^-)(p) < y(p)\\^{i). 

Hence, and using ()5.5|) . we infer that 

(5.6) k 

<b^(I). 

j=0 

Since P is an invertible positive operator and tp 3 is positive, we have I < ||P _1 ||P and 

tp>(I) < ||P _1 ||^ j (P). 
Hence, and using again the inequalities in (iii), we get 



k ( k ^ 

jyw < (k + mp-'w _L_ jy (P ) 

3=0 \ 3=0 , 



< b{k + 1)\\P- 1 \\I. 
These inequalities together with l|5.6j) imply 



1 b^k+l) 

, . _ - k 11 11 ' 

3=0 
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for any fcsN. This implies that 



sup 

k 



3=0 J ^ 



< oo. 



Hence, we must have 
(5.7) 

For each k > 1, we define the operator 



0, as k — > oo. 



Qh 



k 



3=0 



Since {Qk}kLi i s bounded sequence of operators and the closed unit ball of B(TC) is weakly 
compact, there is a subsequence of {Qk}kLi weakly convergent to an operator Q £ B(TL). Due 
to (hi), the operator is positive and satisfies al < < bl. Therefore, Q is an invertible 
positive operator satisfying the same inequalities. Since 



Qk - v{Qk 



and taking ito account ()5.7|) . we get \\Qk — (p(Qk)\\ — ► 0, as k — > oo. Now, using the fact that 
the w* and the weak topologies coincide on bounded sets of B(Tt), and that tp is w*-continuous, 
we infer that <f(Q) = Q. Therefore, (vi) holds and the proof is complete. □ 



C 



Let us consider an application of this theorem and the results from Section [3 Let {Ai} 
B(7i) (n £ N or n = oo) be a sequence of operators such that 

n 

<p A (X) ;=J2AXA*, X e B(H), 

i=l 

is a u;*-continuous completely positive linear map on B(TC). According to Theorem l5.11 if there 
exist some constants < a < b such that 

(5.8) al < - A <* A *« ^ 6/ ' ke N ' 

3=0 |a|=j 

then there is an invertible positive operator Q G B(Tt) such that (Pa{Q) = Q and al < Q < bl. 
Therefore, we can apply Theorem 12.11 and Theorem 12. 31 to the map ifA- In particular one can 
deduce that 

\\p(A 1 ,...,A n )Q 1 / 2 \\<\\Q 1 / 2 \\\\p(S u ...,S n )l 

for any polynomial p(Si, . . . , S n ) in the noncommutative disc algebra A n . Hence, we obtain the 
inequality 

(5.9) MAu... < \\Q 1 / i \\\\Q- 1 ^\\\\p(S 1 ,...,S n )\\ ) 

which can be extended to matrices over A n . Therefore, if (J5.8|) holds, then the homomorphism 
<I> : A n — >■ B(H), defined by $(p) := p(Ai, . . . ,A n ), is completely bounded and \\$\\ c b < \J\- 
We remark that, the inequality (j5.9|) remains true if we replace the left creation operators by a 
set of generators of the Cuntz algebra O n . 
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Corollary 5.2. Let ip be a w*- continuous positive linear map on B{7i) such that 

(5.10) tp°°{I) := SOT - lim ip k (I) 

fe^oo 

exists. Then p is similar to a positive linear map ip such that ip{I) = I if and only if p°°{I) is 
invertible. 

Proof. Since <p is ui*-continuous and the limit ()5.10|) exists, we have ip(ip°°(L)) = ip°°(I). If 
ip°° {I) is invertible, then the result follows from Theorem 15.11 Conversely, assume that ip is 
similar to a positive linear map ip such that ip(I) = I. Using again Theorem I5.ll we have 
cl < p k (I) < dl for any k G N. Hence, ip°°(L) is invertible. □ 

Let us remark that the limit in (|5.1U|) exists in the particular case when <p(I) < I. 

In what follows, we find sufficient conditions for the existence of an injective operator in 
C=((p). We say that a positive linear map <p on B(TC) is power bounded if there is a constant 
M > such that 

\\ip k \\ < M, k£N. 

Lemma 5.3. Let p be a w* -continuous positive linear map on B(7i) such that p is power 
bounded and {<p k {L)h, h) does not converge to zero for any h G T~C, h ^ 0. Then there is an 
injective positive solution of the equation p{X) = X. 

Proof. First let us prove that if Y £ B(7i), Y > 0, then the set 

(5.11) {^>0: <p(X) =X}ncom w {cp k (Y) : A: = 0,1,...} 

is nonempty, where couv w stands for the weakly closed convex hull. Since \\p k \\ < M, k G N, 
the sequence of Cesaro means 

a k {Y):= , k = l,2,..., 

is bounded. Therefore, there is a subsequence {cr nk (Y)}^L 1 weakly convergent to an operator 
Z G conv w {ip k (Y) : k = 0, 1, . . .}. Since ip is u>*-continuous positive linear map on B(7i) and 



k k ~ k 

for any k = 1,2,..., we infer that p{Z) = Z. Hence the set (|5.11|) is nonempty. Now, set 
Y := I-ft and let Z be in the set ()5.11j) . Let h G TL, h ^ 0, and assume that (ip k (L)h, h) does not 
converge to zero, as k — ► oo. This implies that there is a constant C > such that 

(5.12) (p k (L)h,h) >C, for any k = 0,1,.... 

Indeed, if this were not true, then there would exist a subsequence {n/%} such that (ip nk (L)h, h) — > 
0, as k — > oo. Notice that 

(ip m (L)h,h) = (p n *(p m - n *(L))h,h) 

<\\ip m - n *(L)\\(p n *(I)h,h) 
< M(ip nk (I)h,h). 

Therefore, (ip m (L)h,h) — > as m — > cxd, which is a contradiction. Hence, relation ()5.12|) holds 
and we have 

(J2lW k (I)h,h) >C 

k>0 
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for any finitely supported sequence {"f n } of positive numbers with X^ fc > 7fc = 1- Consequently, 
(Zh, h) > C, which shows that Z is an injective operator. Moreover, we have 

keiZ = {h: (cp k (I)h, h) -> 0, as A; -► oo}. 

The proof is complete. □ 

Corollary 5.4. If TC is finite dimensional and <p is a w* -continuous positive linear map on 
B(7i) such that ip is power bounded and (</? (J)/t, h) does not converge to zero for any h G H, 
h ^ 0, then ip is similar to a positive linear map ip with ip{I) = I. 

Proof. According to Lemma |5.31 there is an injective positive operator Z G B(H) such that 
ip(Z) = Z . Since H is finite dimensional, Z is invertible. Using Theorem 15.11 the result 
follows. □ 

Now, we present a few results concerning the similarity of positive linear maps with contractive 
(resp. strictly contractive) ones. 

Lemma 5.5. Let ip be a positive linear map on B(7i). Then <p if similar to a positive linear 
map ip with \\ip\\ < 1 if and only if there is an invertible positive operator R G B(7i.) such that 
R — <p(R) is positive and invertible. 

Proof. If Q is an invertible operator such that \\ipq 1 ° ip ° V'qII < 1> then we have 

WQ'MQQIQ^W <c, 

for some positive constant c < 1. Hence, we get ip{QQ*) < cQQ*. Setting R := QQ*, we have 

R-ip(R) = (l-c)R, 

which is an invertible positive operator. Conversely, assume that R G B(TC) is an invertible 
positive operator and 

(5.13) R-ip{R)>bI 

for some constant b > 0. Let a be such that < a < 1 and a < -pr^. Since R < \\R\\ I < ^ J, we 
infer that 

(5.14) R-bl < R - aR. 
Using relations (|5.13|) and ()5.14j) . we obtain 

(1 - a)R - ip(R) >R-bI- <p(R) > 0. 

Hence, tp(R) < (1 — a)R, which implies ||V'^i 1 /2 ° P° ^1/2 1| < 1. This completes the proof. □ 

Proposition 5.6. Let ip be a positive linear map on B(7i). If there is m G N such ip m is similar 
to a positive linear map ip with \\ip\\ < 1 (resp. \\ip\\ < 1), then ip is similar to a positive linear 
map ip' with \\ip'\\ < 1 (resp. \\tp'\\ < I). 

Proof. If p m is similar to a positive linear map ip with \\ip\\ < 1, then there exists an invertible 
positive operator Q such that ip m (Q) < Q. Denote 

P :=Q + p(Q) + --- + i P m - 1 (Q) 

and notice that P is an invertible positive operator. Moreover, we have 

i p{P)=ip{Q) + ip\Q) + --- + ip m {Q) 

<Q + p{Q) + --- + p m - 1 {Q)=P. 
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Setting \(X) := p- 1 / 2 p(P 1 / 2 XP 1 / 2 )P~ 1 / 2 , the result follows. Notice that if ||^|| < 1, then, 
according to Lemma 15.51 the operator Q — p m (Q) is invertible and positive. Since P — p(P) = 
Q — ip m (Q), we can apply again Lemma 15.51 to complete the proof. □ 

Proposition 5.7. Let p be a w*- continuous positive linear map on B(7i). If there exist positive 
constants < a <b and a positive operator P £ B{7i) such that 

oo 

(5.15) aI<^<p k {P) <bl, 

fc=0 

then ip if similar to a w* -continuous positive linear map ip on B{7i), with \\ip\\ < 1. Moreover, 
if, in addition, P is invertible, then p if similar to a w* -continuous positive linear map ip with 
< 1. 



Proof. Setting Q m := Y^k=o ^{P)^ we have 

(5.16) Q m+1 = Q m + <p m (P). 

Since {Q m }^ =1 is a bounded monotone sequence of positive operators, it converges strongly 
to an operator Q. Due to (|5.15|) . Q is an invertible positive operator. According to (j5.1(ij) . 

(p m {P) — > strongly, as m — > oo. Since 

Qm-p(Q m ) =P-p m (P), 

we get Q — (p(Q) = P > 0. If P is invertible, then we can apply Lemma 15.51 to complete the 
proof. □ 

Let (p be a positive linear map on B(7i). The spectral radius of <p is defined by setting 

r(y?) := lim ||^ fe ||^. 

fe— >oo 

Lemma 5.8. Let p be a positive linear map on B(7i). Then the following statements are 
equivalent: 

(i) r(p) < 1; 

(ii) lim \\p k \\ =0; 

fc— >oo 

(hi) X]fc*Li II^P * s convergent for any p > 0. 

Proof. If (i) holds, then for any a G (r(p), 1) there is m G N such that \\p k \\ < a k for any k > m. 
this clearly implies conditions (ii) and (hi). Since 

r(p n ) = lim (\\<p nk \\^Y =r(p) n 

fc— +oo V / 

and r{ip n ) < \\p n \\ for any n E N, it is clear that (hi) implies (i). □ 

Now we can characterize those iy*-continuous positive linear maps on B(7i) which are similar 
to strictly contractive ones. 

Theorem 5.9. Let p be a w* -continuous positive linear map on B(7i). Then the following 
statements are equivalent: 

(i) p if similar to a w* -continuous positive linear map ip on B(TC), with \\ip\\ < 1. 
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(ii) For any invertible positive operator R £ B(TL) the equation 
(5.17) X-<p(X)=R 

has an invertible positive solution in B(7i). 

(iii) There esists an invertible positive operator Q £ B{7i) such that ip(Q) < Q and Q — <p(Q) 
is invertible. 



(v) lim \\<p k (I)\\ = 0. 

fc^oo 



k { 

(vi) r(ip) < 1. 

Moreover, in this case the positive solution of the equation Q5.17JI is unique and given by 

oo 

x = Xy(jz), 

k=0 

where the convergence is in the uniform topology. 

Proof. The equivalence (i) 44> (iii) ( resp. (v) 44> (vi) ) was proved in Lemma 15.51 (resp. Lemma 
I5.8j) . In what follows we prove that (ii) (i) => (vi) => (ii). Assume (ii) holds. Let Q £ B(7i) 
be an invertible positive operator such that Q — f(Q) = R. Using Lemma 15.51 we infer (i). Now, 
we assume (i). Then there is an invertible operator Q such that H^q 1 ° tp ° iPq\\ < 1- On the 
other hand, 

r(ip) = r^Q 1 o ip o tpq) < H^q 1 o<poij}Q\\<\. 

According to Lemma l5.8| the latter condition is equivalent to the fact that the series X^/S=i ll/ll 
is convergent. Then, for any invertible positive operator R £ B(7i), we have 



1 oo / oo 

-^J<Ji<^/(fl)< IIEII^I 

!! k=0 \ k=0 



/I 



According to Proposition 15.71 (see the proof), there is an invertible operator Q such that Q — 
(f(Q) = R, so that (ii) holds. 

To prove the last part of the theorem, let X > be an invertible operator such X — (p{X) = R, 
where R > is a fixed invertible operator. Let X^ := Sj=o k £ N. Since 

^(R) = ^(X)-^ +1 (X), j = 0,1, ... , 
we have X^ = X — ip k (X), for any k £ N. Since \\(f k \\ — > 0, as k — > oo, we have 

o < ||x fc - x|| = Il/POH < ||X|| ii/n -> 0, 

as — > cxd. Therefore, converges to X uniformly, as /c — ► oo, and X is the unique solution of 
the inequality X — <p(X) = R. The proof is complete. 

□ 

Corollary 5.10. Let ip be a w* -continuous positive linear map on B{7i). Then 
(5.18) r(^) := inf HV'g o^o Vq 1 !!, 

where the infimum is taken over all invertible operators Q G B(TC), and i/)q(X) := QXQ* . 
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Proof. Let e > and denote ip e := r ^ +e ■ <P- Since 

r(<p) + e 

we can apply Theorem 15.91 to deduce that <p t is similar to a strictly contractive positive map on 
B(TL). Therefore, there is an invertible operator R e 6 B(TL) such that \\ipR e o ip € o < 1- 

Hence r ^ +e W^R* ° <fi ° V^ll < 1 and we can deduce that 

inf \\ip Q o <p o t/." 1 II < o ip o t/>-^ I) < r(ip) + e, 

for any e > 0. On the other hand, we have 

r(<p) = r(il) Q o ip o iP' 1 ) < \\ip Q o^o^q 1 !! 

for all invertible operators Q € B{7i). Now the equation (|5.18|) follows and the proof is complete. 

□ 

The next result provides necessary and sufficient conditions for a u;*-continuous completely 
positive linear map to be similar to one which is pure and contractive. We recall that a positive 
linear map ip on B{TL) is pure if <p k (I) — ► strongly, as k — > oo. 

Theorem 5.11. Let ip be a w* -continuous completely positive linear map on B(TC). The fol- 
lowing statements are equivalent: 

(i) (p is similar to a pure completely positive linear map ip with \\ip\\ < 1; 

(ii) There exist two constants < a < b and a positive operator R £ B(TC) such that 

oo 

(5.19) al < ^<p k {R) < bl; 

k=0 

(iii) There is an invertible pure solution of the inequality <p(X) < X. 

Proof. Let us prove that (ii) (i). Assume that (ii) holds. Since ip is a w*-continuous completely 
positive linear map on B(H), there exists a sequence {j4j}™ =1 (n G N or n = oo) such that 
cp(X) = 52?=i MX A*. Let W : H -» F 2 (H n ) ®Hbe defined by 

oo 

Wh:=^2^2 e a 0R 1/2 T*h, ,heH. 

k=0 \a\=k 

Since [|W7i[| 2 = Y^kLoir h) and relation (|5.19|) holds, the range of TV is a closed subspace 
of F 2 (H n ) ® H. Notice that 

WAi = {S*®I H )W, i = l,...,n, 

and therefore the range of W is invariant under each S* (g) 1%, i = 1, . . . , n. Since the operator 
W : 7i — > range W is invertible, we have 

(5.20) WA*W~ l = (S* ® / w )|rangeiy, i = l,...,n. 
Hence, 99 is similar to ipr, where tpr(Y) := J2i=i TjYT* and 

Ti := Pvan g ew(Si <S> /grange W, i = l,...,n. 
We clearly have \\<pr\\ < 1 and <fj>{I) — ► strongly, as A; — ► 00. This proves (i). 
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Assume now that (p is similar to A such that ||A|| < 1 and A is pure. Hence, there is an 
invertible operator Q G B{7i) such that ip = i/)q o A o i/)q . Therefore, D := QQ* satisfies 

ip(D) < D. Since A is pure and V'g 1 ° ^P k ° = A fc , we deduce that 

<p k (D) = QX k (I)Q* -> strongly, as k -> oo. 

Now, let R := D — ip(D) and notice that X)SS=o ^(R) = ^> which is invertible and positive. 
This implies relation (|5.19|) . 

We already proved that (i) (iii). The implication (iii) (i) is easy. Indeed, asuume that 
D > is an invertible pure solution of the inequality <p{X) < X. Then <p(D) < D and, if we 
define 

X(X) :=D- l l 2 ^{D l l 2 XD l l 2 )D- l l\ 

we have A(J) < I and A fc (I) = D~ 1 / 2 tp(D)D~ 1 / 2 —> strongly, as k —>■ oo. The proof is 
complete. □ 

Corollary 5.12. ([22]) Let ip be a w* -continuous completely positive linear map on B(7i). If 
there is a constant b > such that 

oo 
k=0 

then <p is similar to a pure completely positive linear map A with ||A|| < 1. 

Notice that if (p is a positive linear map on B(TC) with \\<p\\ < 1, then 

/ = <p°(D) +ip 1 (D) + --- + <p k -\D) + /(/), k e N, 

where D := I — <p{I). In what follows, we show that a perturbation of this equality provides 
a characterization of those ii;*-continuous completely positive linear maps on B(7i) which are 
similar to contractive ones. 

Theorem 5.13. Let ipA be a w* -continuous completely positive linear map on B(7i), given by 
<Pa(X) := Ym=i AiXA^ (n £ N or n = oo). Then the following statements are equivalent: 

(i) ipA if similar to a w* -continuous completely positive linear map tp on B{TL), with < 

1; 

(ii) There is an invertible positive operator R G B(Tt) such that (Pa{R) < R; 

(iii) There exist positive constants < a < b and a positive operator D G B(TC) such that 

al< p\(D) + p\(D) + --- + ip , X\D) + ip k A {I) <bl, A:GN; 

(iv) The map : A n — ► B(7i) defined by &(p) := p(A\, . . . , A n ) is completely bounded, where 
A n is the noncommutative disc algebra. 



Moreover, if (iii) holds, then ||3>|| c & < 




Proof. The equivalence (i) (ii) is clear. Let us prove that (ii) (iii). Assume that R is an 
invertible operator such that < R < I and cpa{R) < A. Let D := R — (pa(R) and notice that 

<p\{D) + ip\{D) + ■■■+ ^\D) + <p k A (I) =R- <p k A (R) + <p k A (I) 

1 
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On the other hand, since ipA is similar to a positive linear map of norm less than one, there is 
a constant M > such that <p A {I) < M, k G N. Moreover, 

R - <p k A (R) + <p k A (I) <R + V k A (R) < (1 + M)I 

and (hi) holds. The implication (hi) =^ (i) follows from Proposition 2.6 of |29j . Indeed, if 
(hi) holds, then using j^H], we hnd a sequence {Tj}™ =1 of operators such that [Ti, . . . ,T n ] is a 
row contraction and A$ = YTiY" 1 , where Y G B(Ti) is an invertible positive operator and 
sfal < Y < y/bl. Set (Pt(X) := Y^7=i TiXT? and notice that (Pt{I) < I and ip A is similar to 
ifT- On the other hand, we have 

p(A 1 ,...,A n ) = Yp(T 1 ,...,T n )Y- 1 

for any polynomial p(Si,...,S n ) G A n . Hence, we infer (iv) and, using the noncommutative 
von Neumann inequality we get 

\m\cb < \\y\\\\y- i \\ < 

If we assume that (iv) holds, then using Paulsen's result j^H] and we infer that {j4j}" =1 
is simultaneously similar to {Tj}™ =1 . This implies that <p A is similar to ipT- The proof is 
complete. □ 




6. Numerical invariants for Hilbert modules over free semigroup algebras 

The Poisson transforms of Section |2] are used in this section to define certain numerical in- 
variants associated with (not necessarily contractive) Hilbert modules over the free semigroup 
algebra CF+. Any Hilbert module Ti over CF+ corresponds to a unique w*-continuous com- 
pletely positive map (p on B(Ti) and therefore to a unique noncommutative cone C<{ip) + . A 
notion of *-curvature curv*(93,D) and Euler characteristic xif^B) are associated with each 
ordered pair ((p,D), where D G C<(c/?) + . In this section, we obtain asymptotic formulas and 
basic properties for both the *-curvature and the Euler characteristic associated with (ip,D). 
In the particular case when Ti is a contractive Hilbert modules over CF+ and D := I, our two 
variable invariant 

F(<p,I) :=(||^(/)||, curv*^,/)) 

is a refinement of the curvature invariant from and |24| . 

Let CF+ be the complex free semigroup algebra generated by the free semigroup F+ with 
generators g\, . . . , g n and neutral element e. Any n-tuple T%, . . . , T n of bounded operators on a 
Hilbert space Ti gives rise to a Hilbert (left) module over CF+ in the natural way 

f ■ h:= f(Ti, T n )h, feC¥+,heH. 

We associate with the canonical operators T\, . . . ,T n the completely positive linear map 

n 

v{X):=Y,TiXT*, XeB(H). 
i=l 

The adjoint of if is defined by <p*(X) := ^2i=iT*XTi. We associate with tp and each positive 
operator D G B(Ti) such that <p(D) < D a two variable numerical invariant 



(6.1) 



F(tp,D) : = (||^(/)||, curv*(^,L>)), 
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where the *-curvature is defined by 

, Rn , , n , ,. ^e[K* D {P< k ®I)K v , D ] 

(6.2) curv*(<^, D) := lim 



k^o 1 + ||p*(.T)|| +••• + y*(i)\\ k ' 

Here, K^^d is the Poisson kernel associated with p and D (see Section I2J). Notice that the 
operator D (P< k (g) I)K V ^ is the Poisson transform of the orthogonal projection P< k : = 

I — Yl Sa^a- 
\a\=k+l 

In what follows we show that the limit defining the *-curvature exists. 

Theorem 6.1. Let ip be a w*- continuous completely positive linear map on B(7i) such that 
<p(X) = ^27=1 T{XT* (n 6 N). If D £ B(TC) is a positive operator such that <p(D) < D, then 

, n , .. trace [K* D (P< k ® I)K^ D ] 
6 - 3 ) curv*(</?,L> := hm ,, , ... , „ w n ,, fc 

fc^oo 1 + ||y?*(i)|| H h ||^*(I)|| fc 

exists. Moreover, curv*(y?, Z?) < oo if and only iftvace(D — <p(D)) < oo. 

Proof. Due to the properties of the Poisson kernel o of Sectional (see relation (|2.3[l ). we have 

K*^ D (p< k r)K VtD = k; iD (i - <p k+ \i) ® r)K VtD 

= K; jD K v , D - K^ D (4> k s +1 {I) T)K VtD 
= D-<p°°(D)- <p k+1 (D) + ip°°{D) 
= D-^ k+ \D), 

where <f>s(Y) '■= Y17=l $iYS* and Si,...,S n are the left creation operators on the full Fock space 
F 2 {H n ). Since the sequence {D — ip (D)}^_ 1 is increasing, it is clear that curv*(y?, D) = oo 
whenever trace(D — (p(D)) = oo. Assume now that trace(D — <p(D)) < oo. First we consider 
the case when ||<^*(/)|| > 1. Using the definition 1)6.2(1 . we have 

, r^s /n */-r\n -.x ,- trace YD — <p k (D)] 

cw.faD) = (||^(i)|| - i) & _L_|_LJJ. 

Let us show that this limit exists. If X > is a trace class operator, then 

n 

trace <p(X) = trace ^X l/2 A*AiX 1/2 = trace [X^V^Jf 1/2 ] 
(6-4) i=1 

< ||^*(/)||traceX 

Since 

(6.5) D - p> k+1 {D) = D — <p(D) + <p(D - <p h (D)), fc = 1, 2 

wc infer that D - </? fe+1 (.D) is a trace class operator. From relations (|6.4|) and (|6.5|) . we obtain 

(6.6) trace [D - <p k+l {D)] < ||<p*(J)||trace [D - ip k (D)] + trace [D - <p(D)). 
Therefore, setting 

_ trace [D-ip k (D)] _ trace [D-ip^jD)} 

ak - ii^coir 1 ' 

we have 

trace [D - p(D)\ 

ak - y*(i)\\ k ' 
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Notice that Yl a k < oo. Furthermore, every partial sum of the negative a^'s is greater then 

k: afc>0 

or equal to —trace [D — cp(D)], so Ylk-a <o afc converges as well. Therefore, 

trace [D- <p k (D)] 
lim r-— -. 

exists. 

Now, assume that ||(^*(/)|| < 1. Using relation (|6.4[) . we get 

< trace [if k+1 {D - tp(D))] < ||^*(/)|| trace [ip k (D - <p(D))] 

for any k = 0, 1, Hence, the sequence {trace [<f k {D — </?(-£>) )]}£L is decreasing and 

lim trace [<p k (D - <p(D))} 

exists. If 1 1 </?*(/) 1 1 = 1, then, using an elementary classical result and previous computations, we 
obtain 



curv*((/2, D) : = lim 



trace [K* D (P< k ® I)K VfD ] 



k^oo n 

= lim trace [K* D {P k <g> I)K^ >D \ 

k^oo 

= lim trace [ip k (D - tp(D))], 

k~*oo 

where P k ■= P< k — P< k -i- Now, assume ||<^*(7)|| < 1. According to the definition, we get 
curv,(c^,L>) = (1- \\ip*(I)\\) lim trace [D - ip k (D)). 

k^oo 

Iterating relation (|6.6j) . we deduce that the sequence {trace [D - (ft (D)]}^ is bounded, bmce 
{D — ^ is increasing, we infer that the above limit exists. The proof is complete. □ 

Corollary 6.2. If ip and D are as in Theorem \6.1l then 

{ (n^(i)ii - 1) hm tr ^£ m ^ \mm > i, 

fc^oo Mr 1 \ J\\ 

lim trace [cp k (D - <p(D))] if \\tp*(I)\\ = 1, 



(6.7) curv* (ip,D) = < 



k^oo 

(1 - ||^*(/)||) lim trace [D - ip k (D)} if \\y*{I)\\ < 1. 

k— >oo 



Let A be a nonempty set of positive numbers a > such that 

trace 99(A) < a trace A 

for any positive trace class operator A 6 B{H). Notice that Theorem 16.11 and Corollary 16.21 
remain true (with exactly the same proofs) if we replace ||(^*(/)|| with a G A. The corresponding 
curvature is denoted by curv a (<^, D). 

When d := inf A, the curvature curvrf(y?, D) is called the distinguished curvature associated 
with (95, D) and with respect to A. Now, using the analogues of Theorem 16. II and Corollary 16.21 
for the curvatures curv a (</>, D), a £ A, one can easily prove the following. If curv a (ip, D) > 0, 
then 

J curvd (¥>,£>) if a > 1, 

\j=% cmv d (ip,D) if a < 1. 



curv a (</?, D) 
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As we will see later in the paper, if curv ao ((p, D) = for some ao G A, then, in general, 
curvd(</?, D) / 0. Therefore, the distinguished curvature curvd(<£>, D) is a refinement of all the 
other curvatures cwrv a (ip, D), a G A. 

Let us consider an important particular case. According to the inequality ()6.4|) . we can take 

m 

A to be the set of all positive numbers a = \\ T*Ti\\, where (Ti,...,T m ) is any m-tuple 

i=i 

representing the completely positive map ip, i.e., 

m 

V (X) = Y,TiXT*, X G B(H). 

i=l 

Therefore, we can talk about a distinguished curvature associated with {ip, D). All the results of 
this section concerning the *-curvature have analogues (and similar proofs) for the distinguished 
curvature. 

From now on, for the sake of simplicity, we assume that D — <p(D) is a finite rank operator. 
Using formula (|6.7I) . we can prove some properties of the *-curvature. We consider only the 
case when [|</?*(J)[| > 1. The other cases can be treated similarly, but we leave this task to the 
reader. 

Theorem 6.3. Let ip and ip be w*-continuous completely positive linear maps on B(7i) and 
B(TL'), respectively. 

(i) If X e B(H), Y G B{W) are positive operators such that (f(X) < X and ip(Y) < Y, 
then 



curv*(v?©*0,X© Y) 



curv*(v?,X) +curv,(^,Y) if \\<p*(I)\\ = 
curv*(^,X) if > 

[cwcy^Y) if \\p*(I)\\ < ||^(7)||. 

(ii) If Dj G B(7i), j = 1,2, are positive operators such that <p(Dj) < Dj, then 

cmv*((p,ciDi + c 2 D 2 ) = cicvLvv*(ip,Di) + c 2 cmv*(ip, D 2 ), 

for any positive constants c\,c 2 . 

(iii) If D is a positive operator such that <p(D) < D, then 

curv* (<,?,£>) < trace [D - ip{D)\ < \\D — <p(D) || rank [D — <p(D)\. 

Proof. According to Corollary 16.21 and taking into account that 

\\(<p®rP)*(I)\\ = max{y*(I)lU*(I)\\}, 

we have 

- S)' M ilf^ 



fc-ooVI|(vei*)*(/)|i; N>*MI|-i 

Hence, (i) follows. To prove (ii), notice that if Cj > and <p{Dj) < Dj, then 

tp{c\Di + c 2 D 2 ) < c\Di + c 2 D 2 . 
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Taking into account Corollary 16.21 and the linearity of the trace, we complete the proof of (ii). 
Now, using the inequality (|6.6|) . we deduce 

trace [D - f k+1 (D)} < g trace [D - <p(D)] 



\v*(i)\\ k+1 y*^ 



__ trace [D - <p(D)] ||y*(/)|| fc+1 - 1 

\\<p*(i)\\ k+1 II^COII -i ' 

Hence, and using relation l)6.3|) . we have 

curv^((/3, D) < trace [Z? — <p(D)] 

< \\D - <p{D) || rank [D - 

and (hi) follows. The proof is complete. □ 

Corollary 6.4. Let ip be a w*-continuous completely positive linear map on B{TC), and let 
D £ B(TC), D > 0, be such that <p(D) < D. If D = R + Q is the canonical decomposition of D 
with respect to ip, then 

curv*(<£>, -D) = curv*(<£, Q), 

where Q is the pure part of D. 

Using a result from (HHI, we can prove the following characterization of Hilbert modules 
isomorphic to finite rank free Hilbert modules. 

Proposition 6.5. A pure Hilbert module TC over CF^ is isomorphic to a finite rank free Hilbert 
module F 2 (H n ) ® K,, where K, is a Hilbert space, if and only if tp(I) < I and 

(6.8) F(<p, I) = (n, rankH), 

where ip is the completely positive linear map associated with the Hilbert module TC. Moreover, 
in this case, dim/C = rankW. 

Proof. Let T\, . . . , T n be the canonical operators associated with TC. Assume that TC is isomorphic 
to a finite rank free Hilbert module F 2 (H n ) (g)/C, i.e., K, is a finite dimensional Hilbert space and 
there is a unitary operator U : TC — ► F 2 (H n ) (g) K, such that 

Ti = U*(Si®I K )U, i = l,...,n. 

A simple calculation shows that: 



(i) rank TC := dim (/ - YJl=i T{T*)TC = dim/C; 

(ii) \\<p*(I)\\=n; 

(hi) curv*(y>, I) = dim/C. 

The latter equality is a consequence of Corollary 16.21 Therefore, relation ()6.8|) is satisfied. 

Conversely, assume that TC is a pure Hilbert module over CF+ such that ip(I) < I and relation 
(16. 8() holds. Then ||<^*(/)|| = n and curv*(<£, I) = rankW. Hence, we obtain curv(W) = rankW, 
where 



(6.9) curv(W) 



( n _ 1) Jim trace j f > g 

lim trace [v? fc (I — <p{I))] if Ji = 1, 

. fc^oo 
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is the curvature invariant introduced in jSH]- Now, using Theorem 3.4 from [HHl, we infer that 
TC is isomorphic to a finite rank free Hilbert module F 2 (H n ) (g) /C, where K, is a Hilbert space 
with dim/C = rankTC. The proof is complete. □ 

Let TC be a contractive Hilbert module over CF+ and let <p be the completely positive linear 
map associated with TC. What is the connection between the invariant F(<p, I) and the curvature 
invariant curv(W)? It is clear that if ||<^*(7)|| = n, then F((p,I) = (n, curv(TC)). On the other 
hand, we can prove the following result. 

Lemma 6.6. Let TC be a finite rank contractive Hilbert module over CF+ and let (p be the 
completely positive linear map associated with TC. If < ||y*(/)|| < n, then cmv(Ti) = 0. 

Proof. First, consider the case n > 2. Assume curv(TC) > and ||c^*(/)|| > 1. Since TC be a 
finite rank contractive Hilbert module, using Theorem 16. M[ we infer that 

curv*(y?, I) < rank [I — <£>(/)] < oo. 

Taking into account relations 1)6 .7)1 and ()6.9|) . we have 



v trace [I -/(I)] 



lim 



n-l k^oo \\ip*(I)\\ k 



trace [/ - (p k (I)} 



cmv*((p, I) 
curv(H) 



< oo. 



Hence, we infer that lim ij^Tjjpg < °°) which a contradiction. Hence, curv(H) = 0. Similarly, 
one can show that the same conclusion holds if < ||y>*(J)|| < 1. 
Now, consider the case n = 1. According to 39 , we have 

trace [I — <p k (I)] 
curv(W) = hm 1 - y WJ 

k^oo K 

As above, taking again into account relation (|6.7() (the case ||</?*(J)|| < 1) , one can easily show 
that curv(H) =0. □ 

Therefore, the curvature invariant curv(TC) does not distinguish among the Hilbert modules 
over CF+ with < ||<£>*(/)|| < n. However, in this case, our *-curvature curv*((/j, /) in not zero 
in general. More precisely, we can prove the following. 

Proposition 6.7. If m = 2, 3, . . . , n — 1, and t € (0, 1], then there exists a finite rank contractive 
Hilbert module TC over CF+ ; such that \\<p*(I)\\ = m and curv* (</>,/) = t, i.e., 

F(<p,I) = (m,t). 



Proof. According to Theorem 3.8 from [SH], there is a finite rank contractive Hilbert module TC 
over CF+ such that curv(W) = t. Let T := [T\, . . . ,T m ] be the row contraction associated with 
TC and let <pj> be the corresponding completely positive map. Since t > 0, Lemma EE1 implies 
||y*(-0H = m - Let TC' be the finite rank contractive Hilbert module over CF^ defined by the row 
contraction 

1 1 

\T\ , . . . , T m _i , - T m , . . . , - T m ] , 

\Jn — m + 1 v n — m+ 1 

and let (p be the associated completely positive map. Notice that <p(X) = ipx{X), X G B(TC), 
and <p*(I) = ip^(I). Hence, we have ||</2*(T)|| = m. Taking into account relations (|6.7() and (|6.9|) . 
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we infer that 

/ n ( i\ r trace [J-y^CQ] 
curv*(w, I) = (m — 1) lim r — i 

fc^oo mr 

= curv('H) = t. 

Summing up, we have F(<p,I) = (m,t), which completes the proof. □ 

This result clearly shows that, in the particular case of finite rank contractive Hilbert modules 
over CF+, our invariant F((p,I) is a refinement of curv("H). 

Let TL be a Hilbert module over CF+, <p be its associated completely positive map, and let D 
be a positive operator such that <p(D) < D. For each k = 0, 1, ... , define 

M k {ip, D) := span {p • £ : p G CF+, deg(p) < fc, £ G [D - ^(D)] 1 ^} . 

We define the Euler characteristic associated with ip and D by setting 

dimM k (p,D) 

6.10 X(^-D) == Km r- t^Vt - 

fc^oo 1 + n + • • • + n K 

In what follows we show that the limit (|6.1(Jj) exists (finite or infinite). 

Theorem 6.8. Let ip be a w*- continuous completely positive linear map on B(7i) such that 
ip{X) = ^^iTiXT* (n > 2), and let D be a positive operator such that <f(D) < D. Then the 
Euler characteristic x(<A D) exists and 

v a nk[K* D (P< k ® I)^} 

X {ip, D) = hm — ■ ■ — 

fc^oo 1 + n + ■ ■ ■ + n K 

rank[D-y fc p)] 
= (n - 1) hm t . 

fc^oo n K 

Moreover, the Euler characteristic xifj D) < oo if and only if rank [D — <p(D)] < oo. 

Proof. Notice that if rank [D — (p(D)] = oo, then the inclusion Mo(<p,D) C M k ((p,D) implies 
x(<p,D) = oo. Now, assume that rank [D — f>{D)\ < oo. Notice that Mk(<p,D) is equal to the 
range of K* D (P< k <8> I)- Since the latter operator has finite rank, we have 

dim M k (<p,D) = rank [if^P^® I)K VtD ] = rank[L> - <p k+1 (D)]. 
For each k > 1, we have 

M k (<p, D) = M (ip, D) + TiMfc-i^, £>) + ••• + T n Mk-i(<p, D). 

Hence, we infer 

dim M k (ip,D) < ndhn.M k -i(<p, D) + rank [D - <p(D)], k = 1,2, ... . 
The rest of the proof is similar to that of Theorem 4.1 from jSU]. We shall omit it. □ 

We should mention that in the particular case when <p(I) < / and D = I, the result of 
Theorem 16.81 was obtain in |39j . 

Similarly to the proof of Theorem 16.31 one can prove the following result. 

Proposition 6.9. For each j = 1,2, let TCj be a Hilbert module over CF^, and (fj be its 

associated completely positive linear map. Let Dj be positive operators such that ipj(D) < Dj. 
Then we have: 
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(i) x (<Pi © <P2,D! © D 2 ) = x(<Pi,Di) + X(<^2, £> 2 )- 

(ii) If Di < I and \\<ft{I)\\ = n, then curv*(</?i, D\) < x{<pi,Di). 
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